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On the viscous hypersonic blunt body problem
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The viscous hypersonic flow past an axisymmetric blunt body is analysed based
upon the Navier-Stokes equations. It is assumed that the fluid is a perfect gas
having constant specific heats, a constant Prandtl number, P, whose numerical
value is of order one, and a viscosity coefficient varying as a power, w, of the
absolute temperature. Limiting forms of solutions are studied as the free-stream
Mach number, M, and the free-stream Reynolds number based on the body nose
radius, R, go to infinity, and € = (y —1)/(y + 1), where v is the ratio of the specific
heats, and § = 1/(y—1) M2 go to zero.

Through the use of asymptotic expansions and matching, it is shown that three
distinct regions comprise the interior of the ‘shock structure’, and that one, two
or three regions make up the ‘shock layer’, depending on whether the quantity
Ré“ is of order ¢, ¢-% or ¢~"(n>32), respectively, as the various limits are
approached. The behaviour of the flow in these regions is partly analysed.

1. General description of problem and results

The aim of this paper is to present a brief account of the problem treated fully
by Bush (1964) with emphasis on the methods used and the results achieved.

In high Mach number, high altitude flight, the Reynolds number, although still
large, may be sufficiently low for viscous interactions and the structure of the
viscous layers to become important. This problem is analysed in the present paper
on the basis of the Navier—Stokes equations with the idealizations that the fluid
is a perfect gas having constant specific heats, constant Prandtl number,
P = 0(1), and viscosity coefficient varying as a power, w, of the absolute tempera-
ture. In order to simplify the equations in a way appropriate to this problem,
agymptotic expansions of the Navier-Stokes equations are constructed as the
free-stream Mach number, M = U, /(Ypo/p~)}, and the free-stream Reynolds
number, R = p, U a/u,, go to infinity. Further, the assumption of Newtonian
flow theory that the density ratio is large across the bow shock wave is used and
is essential for achieving simplification of the equations. The Newtonian para-
meter, € = (y—1)/(y+ 1), goes to zero in such a way that

=1/(y—1) M2 = (1 —¢)/2eM?
also goes to zero.

This is essentially the same starting-point as in the analyses of Hayes &
Probstein (1959), Cheng (1961, 1963), and others. This analysis shows that there
are actually three distinct regions within the ‘shock structure’, rather than the
two regions proposed by Cheng (1963). Further, it is shown that there are three
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distinet régimes to the make-up of the ‘shock layer’, not four, as suggested by
Hayes & Probstein. To show this requires a great deal of manipulation of
complicated expansions. The essential features of this mathematics are presented
in §2, but a great deal, including the ‘matchings’ of asymptotic expansions, has
been suppressed in order to keep this paper concise. The reader who wishes to
pursue the details further should refer to Bush (1964), from which this paper is
extracted, and Bush (1962), which extensively treats the concept of ‘matching’
for a similar yet simpler problem.

Shock layer
) Body layer
Outer region Boundary layer
Middle region,

Inner region

Shock _, Shock
structuré-f' layer ‘1

Fiaure 1. Regions of the flow.

The basic idea is that orders of magnitude for various terms in the equations are
found so that the simplified equations are consistently valid in regions of reduced
size; a criterion of consistency is the ability of a solution to join on to solutions in
neighbouring regions, i.e. to satisfy matching and boundary conditions.

The same method could be applied to various more realistic versions of the
Navier—Stokes equations, with some increase in complexity. However, this paper
takes no steps in the direction of rarefied gas flow.

An outline is now given of the results obtained by systematic use of asymptotic
expansions. A natural starting-point is a discussion of approximations to shock
wave structure. A schematic picture of the flow is given in figure 1.

The methods used here are closely related to singular-perturbation techniques
used by Bush (1962) to study one-dimensional shock wave structure when M
goes to infinity for the same conditions as prescribed above with the important
exceptions that ¢ is fixed, P is , and the viscosity obeys the Sutherland law.
Further, these ideas can be used to obtain the structure of the detached shock
wave that is supported by an axisymmetric blunt-body in a steady supersonic
uniform stream when M and R go to infinity, in such a way that J/2¢/R goes to
zero, the viscosity obeying the power law rather than the Sutherland law. In this
limit, the shock layer remains finite with its thickness a sizeable fraction of the
body nose radius a. The flow in the shock layer must be found by solving the full
inviscid equations of motion (e.g. Van Dyke 1958). It is found, as expected, that
the shock structure is locally the same as that of the normal shock. In the present
paper, since € goes to zero, the shock layer also becomes thin (the shock-layer
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thickness divided by the nose radius of the body is O(¢)) so that the shock struc-
ture is modified. Furthermore, this additional limit allows the flow in the shock
layer, at least in part, to be determined analytically.

In the solution of the shock structure as M — oo with e fixed, there are neces-
sarily two regions to the shock structure, where the behaviour of the flow quanti-
ties is described by two distinct sets of asymptotic expansions. One region is the
very thin outer region, whose ratio of thickness to body nose radius is O(1/R)— 0.
The orders of magnitude of the flow quantities in this region are those for the
quantities in the free stream. The second region is the relatively thicker inner, or
principal, region, which has a thickness in units of nose radius (thickness ratio)
of O(M?3»|R)->0. The velocity components and the density here are of the same
order of magnitude as in the free stream, but the temperature and pressure in this
region divided by their free-stream values are of O(M?2)—>o0. These two sets of
asymptotic expansions for the shock structure are shown to be the correct ones
by proving that the expansions for outer and inner regions and the expansions
for the inner region and the shock layer match in intermediate regions of common
validity as well as satisfy the boundary conditions.

It is found in this paper that, with €0, there are now three regions to the
shock structure and, hence, three distinct sets of asymptotic expansions are
required to describe the behaviour of the flow quantities in the shock structure.

The first of these three regions is the outer region. With Bush (1962) as a guide,
it is natural to postulate that a region should exist in the outer portion of the
shock structure, adjacent to the uniform upstream region to guarantee the
uniformity of the solution at upstream ‘infinity’. This region may be thought of
as acting as a very thin transition zone between the relatively cool free stream and
the hot major (middle) region of the shock structure. In the outer region the
order of magnitude of the flow quantities is characterized by their magnitude in
the free stream. The leading terms in the expansions for this dissipationless outer
region and the solution of the equations of motion for these leading terms for this
region are presented in § 2. Among other things, it is seen that the thickness ratio
for the outer region is O(1/R)— 0, just as in the e-fixed analysis.

There must be two distinct shock structure regions between the outer region
and the shock layer in the ¢->0 problem (rather than just one, as in the e-fixed
problem) because there is no single asymptotic expansion which will match to both
the expansions of the outer region and to those of the shock layer as € > 0. There
are, however, two distinguished regions, called in this paper the middle and inner
regions, whose sets of expansions permit complete matching (i.e. outer region-
middleregion, middle region-inner region, and inner region-shock layer matching)
in the limit as ¢—0.

The middle, or dissipation, region is also a thin region (although a thicker one
than either the outer or inner region) with a thickness ratio of O(1/R#%)— 0. This
dissipation zone combines with the outer region to be essentially the ‘shock-
transition zone’ treated by Cheng (1963). The velocity ratios, (»/U,) and (v/U,),
and the density ratio, (p/p,), are all of O(1), but the temperature and pressure
ratios, (7'/T,,) and (p/p.), are O(1/6)—o0. Again, the solutions for the leading
terms in the equations of motion are given in §2.
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The solutions presented in §2 for the outer and middle regions, and all the
solutions for the succeeding regions to be presented, are, of course, found only
by matching between adjacent regions. Thus, the procedure is to propose tenta-
tive solutions for each of the two adjacent regions based on the physics of the
problem, and then verify that the proposed solutions are valid by showing that
they match in an ‘overlapping zone’ that is between the two regions under
consideration.

For the outer region-middle region matching, the outer region expansions have
a certain behaviour as the outer region variable, v,, goes to infinity, which must
match to the middle region expansions as the middle region variable, v,,, goes to
(—sin @); O is defined in figure 2. It is found that all the required matchings
between the outer and middle regions can be performed under the restriction
that the Prandt]l number be greater than } but less than §.

The inner region is the thin, dissipationless transition zone between the middle
region of the shock structure and the shock layer. In this region, which is the
‘neighbourhood of the shock interface’ alluded to by Cheng (1963), in which his
‘shock-transition zone’ equations are not strictly valid, there is a decrease in the
magnitude of the normal velocity, », and a corresponding increase in the density;
the temperature is the same order of magnitude as in the middle region; but the
pressure increases due to the increase in the density. In terms of the dimensionless
ratios introduced, the thickness ratio of the inner region is O(¢/Ré“)—0, and
(w/U,)is O(1), (v/U,)is O(€) >0, while (p/p,,) is O(1/€) >0, (T'|T ;) is O(1/8) - c0,
and (p/p.) is O(1/ed) - 0. The solutions for the leading terms in the equations of
motion in this region, consistent with the matching with the middle region are
given in §2.

The matching of the middle and inner regions is, again, done with respect to
the normal velocity, v, and middle region expansions as v,, goes to zero match to
the inner region expansions as |v;| goes to infinity.

It should be pointed out that, in solving for the flows in the different regions of
the shock structure, there are quantities in each region which are not completely
determined until the flow in the region just interior to the one under consideration
is known. This means that the flow in the shock structure isnot completely known
until the flow in the shock layer itself is known.

Next consider the flow between the shock wave and the body, in the ‘shock
layer’. Different structures for this layer arise depending on the ‘similarity’
parameter K = (eRd¢)-1.* This parameter measures the rate at which E—oo
compared with (¢,8) - 0. The quantity K = const. represents a similar family
of flows. The parameter K —>0 at various rates represents other families of
flows.

The shock layer has a thickness ratio that is O(¢) - 0 and the magnitudes of the
flow quantities in the layer are the same as those in the inner region of the shock
structure (see §2). In the equations of motion for this layer the ratio of the
viscous and heat conduction contributions to the inviscid contributions is O(X).
Thus, if K->0 the shock layer is an inviscid one and the (inviscid) Rankine-
Hugoniot shock relations as M ->oco and €->0, with eM2->c0, are the proper

* 20/(14 20)» K may be identified with the K} used by Cheng.
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boundary conditions at the outer edge of the shock layer. On the other hand, if
K is O(1), then the entire shock layer is a viscous shock layer and the boundary
conditions at the outer edge of the viscous shock layer are not the Rankine—
Hugoniot shock relations, but rather are ones in which the viscous and heat
conduction terms right behind the shock wave are important. These shock
relations are given in §2. Note that the alternative of K - oo is ruled out as not
being physically realistic.

Of course, the boundary conditions for the outer edge of the shock layer, in
either case, K < O(1), are determined by matching between the inner region of
the shock structure and the shock layer. The matching in this case is most easily
accomplished by matching with respect to the normal co-ordinate y, and the
inner region expansions as 7;->c0 match with the shock layer expansions as
1. %, the outer edge of the shock layer.

For the viscous shock conditions, the results obtained can be shown to be
essentially those given by Cheng (1961). Further, it should be noted here that the
use of asymptotic expansions for the shock structure provides the theoretical
basis for the absence of the shock structure’s thickness-curvature effects.

In the terminology of Hayes & Probstein (1959), the viscous flow régime just
described is the ‘incipient merged layer’ régime. It should be emphasized that the
inviscid shock-layer equations must be solved using the inviscid outer edge
conditions, and the viscous shock-layer equations must be solved using the
viscous outer edge conditions. This rules out the ‘viscous layer’ régime, in which
the viscous shock-layer equations are solved subject to the Rankine-Hugoniot
relations at the outer edge.

It should be noted that, since the ratio of the thickness of the shock structure
to the thickness of the shock layer is O(K), the shock structure is thinner than the
inviscid shock layer, but grows until its thickness is of the same order of magnitude
as the shock layer thickness when the shock layer is viscous.

The complete solution for the flow in a viscous shock layer (i.e. K=0(1) and
the viscous shock layer makes up the entire shock layer), due to the complexity of
the partial differential equations of motion for such a layer, was felt to be beyond
the scope of this investigation. However, due to the geometrical symmetry of the
problem and the fact that the partial differential equations are parabolic in type,
the flow in the vicinity of the axis of symmetry can be found by solving a set of
ordinary differential equations.

For the special case w = 1, these ordinary differential equations uncouple to
such an extent that their solutions can be found in terms of tabulated functions,
as shown first by Cheng (1961). For a general value of w, however, one must resort
to numerical computation of the solution, although the nature of the equations
is such that the two-point boundary-value problem can be transformed into what
is effectively a one-point boundary-value problem.

When K — 0, the complete shock layer consists of the inviscid shock layer plus
the subregions necessary to satisfy the viscous boundary conditions at the body
surface. The complete solution for the flow in the inviscid shock layer itself is
already known, having been found by Freeman (1956) in terms of modified von
Mises variables. The complete solution is also presented in §2, but in terms of
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modified Crocco variables, because these variables are found to be more suitable
for treating the inviscid shock layer and the connected subregions of the shock
layer.

In the case of the inviscid shock layer (u/U, = O(1)), it is found that the
solutions, which are based on orders of magnitude which hold at the shock wave,
are not valid right up to the body surface (cf. Chester 1956). To remove this
difficulty near the body surface it is necessary to introduce a body sublayer,
imbedded in the inviscid shock layer close to the body surface, in which the order
of magnitude of u is some small fraction of U,. The proper body layer is the one
for which the thickness ratio is O(e?), the velocity components (u/U,) and (v/U,,)
are O(e?) and O(e?), respectively, (0/p) is O(1/e), (T|T,,) is O(1/8), and (p/p.) is
O(1/ed). The existence of such a layer is, of course, verified by showing that this
layer matches with the inviscid shock layer and has the proper behaviour at the
body.

The structure of this body layer depends on a second similarity parameter. In
the body layer the ratio of the viscosity and heat conduction contributions to the
inviscid contributions is D = (¢2R4%)~1. Therefore, the body layer is inviscid if
D—0 and viscous if D = O(1). In the terminology of Hayes & Probstein (1959)
the viscous body layer is the ‘vorticity interaction’ layer.

A Crocco transformation similar to that used in the inviscid shock layer is used
in the bodylayer in order to match with the shock layer. The matching takes place
with respect to ¢, where t = u/(U, sin @), i.e. the body-layer expansions as ¢, goes
to infinity match with the inviscid shock layer expansions as ; goes to zero. The
boundary conditions at the outer edge of the body layer, which are the same
whether the layer is inviscid or viscous, are given in §2.

Thus, when D = O(1) (and K —0), the complete shock layer consists of the
inviscid shock layer and the viscous body layer. As before, ordinary differential
equations can be derived which are valid for the flow in the vicinity of the stagna-
tion point. However, work concerning the solutions of such equations, which
would yield the shear and heat transfer at the nose of the body, is not presented
here.

On the other hand, for D >0 (and K —0), the complete shock layer is made up
of the inviscid shock layer, the inviscid body layer, and the ‘classical’ viscous
boundary layer. The latter, of course, is necessary in order to satisfy the viscous
boundary conditions at the body. The solution for the leading terms for the flow
quantities in the inviscid body layer is presented in §2 in terms of the proper
modified Crocco variables.

The ‘classical’ viscous boundary layer that is imbedded within the inviscid
body layer is the last layer to be discussed. For such a boundary layer the thick-
ness ratio is O((et/R&*)?) >0, and the flow quantities are

(u/Us) = O(et), (v/Us) = O((e}/R8*)}) >0,
and (plpw) = O(1fe), (T|Te) = O(1/8), (p[pa) = O(Lfed),

asshownin §2. Note that the ratio of the boundary-layer thickness to the invisecid
body-layer thickness is D#, and, by definition, D - 0 for the inviscid body layer.
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The matching between this viscous boundary layer and the inviscid body layer
takes place with respect to the normal co-ordinate, y. The boundary-layer
expansions as 775z, goes to infinity match with the inviscid body layer as 7, goes
to zero. The boundary conditions at the outer edge of the boundary layer,
determined by this matching are presented in §2.

Table 1 summarizes the results just described and the orders of magnitude for
the skin-friction C; = p,,(04/y),,/(Btt« Us/a?), and the heat transfer coefficient,

Cp = k(0T [0y)yy] (ko T ).

_ 1 po.1 = _ (poujoy), T = (k2T /oy)w

T eR6YT T T ekpee’ T BpUpfat’ T kpTfa
K =0(1) Viscous shock layer C, = O(1/edw)
D->w O, = O(1/ed1+w)
K->0 Inviscid shock layer C; = 0(1/ed»)
D =0(1) + viscous body layer C, = O(1/edo1+w)
K->0 Inviscid shock layer C, = O(1/D¥ed)
D0 + inviseid body layer O, = O(1/D¥cistro)

+ viscous boundary layer
TaBLE 1.

In the next section the equations of motion and the forms of the asymptotic
expansions are presented.

2. Expansions for the regions
2.1. The equations of motion

Non-dimensional variables are used, all lengths being referred to a, the body nose
radius; all velocities to U, the free-stream speed; and the pressure, density,
temperature, and viscosity to their free-stream values. Thus, the notation being
as in figure 2, we make the following replacements:

(z/a, yla)—>(z, y), (Bla,ak)—>(B, k), (u/Ugs v/Ug)~>(%, )
and (P/Pews PlPws T/Tws il tt) > (@5 o T ).
Further, let £ =z, 9 = y— Y, where Y is the non-dimensional measure of the
distance from the body to the region under discussion. Then, the equations of

\

>/,

Ficure 2. Notation.
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continuity, tangential and normal momentum, energy, state, and the viscosity
law are equations (1)—(6), respectively, expressed in terms of these non-dimen-
sional quantities. These equations comprise the Navier—Stokes system to be
solved with the uniform conditions at upstream ‘infinity’ and the no-slip and
temperature conditions at the body surface.

d(pv) | 10(pu) + KpY +p(u sin @ + v cos D)
oy h ox h r

u6u+v3u+/<_uv)+l-—el_l@
P\raw ™ "on™ 8 ) T1xe2how

2k cosq))( B_u_ic_'zf_*_l@v
R[[(@n h r ﬂ(’)ﬂ h héz:)

+21_6_ 2 3_u+KU _@_usin@+vcos®
3hax \/|7\ox on r

+2sin(I) 1 6_u+ ” __usin(I)+vcos(I) )]
r “17, ox K r ’
(u@v v Kuz) l1-¢ 1 op

Pl o™ 7 ) TTHe oy

R[[(3677 2hK 2008(1)) (ﬂ@v)
(G 0) ([a-5+i2))
(3677 h)( [%{ZZ’L }])
2cosd))( [usmq)+vcos(b]):|], (3)

=0, (1)

—_
o
~—

=

(3977
wol ol 2¢ (udp p
”(m”‘a‘i)‘m(ﬁa—x‘*”%)

- [ () (5 20) u2
= Prloy\#%y h r ) oy

19 /_M')T sin(I)/_LQZ
hox h?az) r hox

2eM2p ov\2 1(ou 2
Trerl2 (@) 2 Gla el

usin ®+vcos®\? [ou xu 10ov\2?
e M et
2(10u ov kv wusin®+vcos P\?
N+ 4= —_ 4
3(h6x+677+h+ r ):ﬂ (4)
p=pT, (6)

p="Te (6)



On the viscous hypersonic blunt body problem 361
where h=1+x(Y+7%) and r=B+(Y+9)cos®,
and (0] o) = (0/0E)— Y'(£) (8]om).

2.2 The uniform upstream region
In the uniform upstream region the flow quantities are

p=p=T=1, u=cos®, v=-sind. (7)

2.3. The outer region of the shock structure

The co-ordinates for the outer region are
x=£=2§&, y=Y(E)+n=-eY()+(1/R)7,, (8)

and the leading terms in the expansions for the flow quantities in terms of the
small parameter & are

u = cos ®+8YPyuy+..., v=—sin <D+83/4Pv0+...,}

(9)
p=l+8314pp0+_“, p=p0+-.., T=T0+....

The first-order equations of motion, based upon these expansions, with £, and
v, as the independent variables, are

Do =Ty po=vy/sin @ (&), |
on, 4 Ty _
v, T Bogsn Oy

duy  4u, (10)

{
T s )
ATy—1) 4P (Ty—1)

ov, 3 v

= 0.

Thus, the flow quantities in the outer region may be written as

%g(Eos %) = Wo (&) v§ —{€/8MF} Y (£,) o,
Pol&0: Vo) = T'o(£o, Vo) = 1+ 84(&,) v5773,
Pol€os Vo) = vofsin @ (&), (11)

__ 4 v [To(Eo, ¥o)]*dv
7]0(§0’ UO) - 3 sin (D(go) 4, 0 OVOO 0;

where wy(£,) and 8,(£,) are functions that are determined only after matching
with the solution of the complete shock structure.

2.4, The middle region of the shock structure
For the middle region

x=E§=2E&, y=Y(E+n=eY,(,)+(1/B5)y,, (12)
US Uyt .oy U=0Up+...,
b
P=Ppt., P=1/pp+.... T=QO)T,+....
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The equations associated with these expansions are

Pm = mem’ pmvm = —gin (D (gm)a

oU, 4U, _ _ _ )

évﬂ:—gm =0, U,=u,—cos®(,), V,=uv,+sin®(,),
oGP plt () S
oV V, oF, v, o

Nm, 4 T

6V t3sn® 3sin ® V =0.

The solutions of these equations are

Uy V) = €08 O(E,,) +w(§) [sin D (£,,) + 0,18, \

pm(gm’ vm) = —gin @ (gm)/vm!
Tn(Ens ¥m) = Sp(E) [8In @+, 4P — -~ gp[sin @+, 2
15
e LN B
.pm( ms vm) = [Pm( ms vm)] [Tm(gma Um)],
_ 4 ([T,mvm)]dvy,
T ¥m) = 3 o), [mO+y,] /

Again, the quantities w,,(£,,) and 8,,(£,,) depend on the solution of the complete
shock structure.

2.5. The inner region of the shock structure
The quantities in the inner region have the following representation:

x=§= gi’ y= Y(g) +9 = eYi(gi) +(€/R3w) Ni> (16)
u=W(E)+eu;+..., v=cev;+..., } (17)
p=e)p+ s P= (1) pet..., T =(18)[OF)+eT;+...]

Introducing the quantlty V,=v,— (§ W(£;), the simplified equations of
motion for the region and their solutlons are
Pi=p;0, pJ;=—sin®,
—2sin ® (0/V,) — 0 (8V;/on,) = sin® D,
O«(du,/dn;) = sin ® (cos ®— W), (18)
0 a1,
P oy,
py=—sin®V;, p;=p,0, ]
(19)

= gin @ [(} sin? ® — @) + }(cos  — W)2],

= w;(&;) —sin @ (cos ® — W) {#,(§;) —7,}/0°,
= 8;(§;) — Psin @ [(35in*> D — ©) + §(cos © — W) {#; — 9,}/ @,

20 sin © 20 3 sin® @
Slnz (D(V + 1 (D)‘ exp [ 2@ (Vt + = ) ®1+w {@/ 771}:,

sin @
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In the course of finding these solutions it is found that
wy = w,, = — (cos ®— W)/(sin D)},
e

P
— — in2
So—Sm—[®+ sin? @ + T P)(OOSCD W) ]/(sm@

_P_
3-2P
where W and O are determined from the shock-layer solution.

2.6. The shock layer
For the shock layer

x=§ y=en, (21)
u=uL+..., ’U=€’UL+...,

booe
p=Q0/e)pr+...., p=(ed)pr+.... T=(1/OHTr+....

From matching with the inner region of the shock structure, it is found that
the boundary conditions at the outer edge of either an inviscid (K — 0) or viscous
(K = 0(1)) shock layer, %, , whose position is determined only after solution of
the shock-layer flow, are

up (8, %) = W(E); Wpyl(€) = cos @ (), W, to be determined,
TL(E,%;) = O); O, (&) = 3sin? O(£), Oy, to be determined,

vr(€,¥L) = — (20/sin @ (£)) + FL(E) W(£), (23)
KO(ou/on.) (8,%L) = sin ® (cos D — W),

KOw©@T[0n) (£, %) = Psin @ 3{(sin? ® — 20) + (cos © — W)?].

It should be noted that, once these outer edge boundary conditions are deter-
mined, the flow in the entire shock layer is found without further reference to the
shock structure. That is, equations (23) are the appropriate ‘shock conditions’.
For an inviscid layer, K goes to zero and the usual Rankine-Hugoniot conditions
are recovered. The shock conditions are essentially those given by Cheng (1961).
The reduced equations of motion for the inviscid or viscous shock layer are

-

PL = pTy,

2 (BPL’“L)+ (BPL”L) =0,

* (24)
ouy, ouy, 0 " auL)
Pr (uL o T 5732) Ko (TL o)’

Ty . OTr\ _ o[l 2 (me Tk
Pr (’“L oE “’Lan,) K[ﬁ%(“%)”

Gl
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Ifs = £,t; = ug/cos ® = uy o, and 7, = {(T'}/B) (dur/dn.)}, then the solutions
for the flow in the inviscid shock layer, consistent with shock boundary conditions,
are

Ty = }1-t30%,

s

%= Blo) (11 -~ ”2>r - 0:)(2?(”) ivhB(h) k|’
o ) [1 G M ol

These solutions are equivalent to those found by Freeman (1956).

Complete solutions, however, are not presented for the viscous shock-layer
equations since extensive numerical work would be necessary. However, the
shear and heat transfer at the nose of the body for the viscous shock layer
computed for the case of w = %, P = §, and a wall temperature that is zero are

presented in figures 3 and 4.

2.7. The body layer

The appropriate variables in the body are
z=§ y= 6%770’ (26)
u=eu,+.., v=ew,+...,

b
p= /&) p.+..., p=ed)p,+..., T=1/8)T,+....

The leading terms of the inviscid or viscous equations of motion for this
region are

.pc:pc];':’

—a—(B u)+—a—(B V) =0

ag pc c aﬂc pc c/ T

apdan;==0, 2 2 8 (ruduy | (=)
O O\ oy O (P

pe (u 6§+””8m)+26§ Dam (T“B%)’

wZso D) < 22 (1)
Pe\"ag ™" on,) “P g, \"* )
From matching with the inviscid shock layer, the boundary conditions at the
outer edge of the body layer, which are the same whether this layer is inviscid or

viscous, are

cos ©(§) B
P >0) = 5 [sint o) - 5[ EOL 2 ),

T; (€, 9, —>0) = 4,
(auc/a’”c) (g’ 'I]L-—>OO) = 2B(§)Pc(§)-

(29a)
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Figure 3. The skin friction coefficient (Cy)r = lim (7z) vs the similarity parameter
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In Crocco variables (s = £,¢, = u,/cos @, 7, = {(T'?|B) (9u,/0n,)}), these boundary
conditions become

pc('g’ tcéw) =pc(8)’ Iz:('g’ tc_>w) = %: Tc(37 tc_>w) = 21—wpc(s)' (29b)

Using this second set of boundary conditions, the solutions for the inviscid body
layer are found to be

pC(s’ tc) = pC(s)’ 110(8’ tc) = %! Tc('g’ tc) = 21—&‘1)0(3)’
- b3 30
770(35 tc) = ECEO(S?)?—‘;)(!??) [ c'—tc,w(s)]; tc,w(s) = _[ 2010%———{;‘2()38)}] } (30)

No solutions are presented for the viscous body layer; again numerical work
would be necessary.

2.8. The viscous boundary layer

The quantities in the viscous boundary layer are

x=£, y=(ct/R8) gy, (31)
u=cbugr +..., v = (}/Ré*)}vg, +..., } (32)
p=1/e)pgr+.-.., p=1/e®)pgr+...., T=1/8)Tpr+-...

The equations of motion for the region are
P81 = PerTrL;
3§(BPBLuBL) +o— (BpBLvBL) =0,

oppr/ 3"7318, = 0, , . , ) { (33)
UBL uBL) ‘PRI __ ( o uBL)
u +v +2 = ,
PBL ( BL ¢ BL MsL o MprL BL MpL
Ty, 3TBL) 1 0 ( 3TBL)
% +v =——(T%
pBL( BL ¢ BL onsL Pongy, L s

Matching with the inviscid body layer yields the boundary conditions at the
outer edge of the boundary layer, which are
Tpr(é,npr>0) =%, Ppr(f, 1pL—>0) = ppL(é) = Pc(g),} (34)
upr(f, 15— ) = [—21In {2p(£)}1.

No solutions are presented here for the viscous boundary layer. Problems of
this type have been studied in great detail.

The author would like to express his thanks to Drs G. B. Whitham and J.D.
Cole for their helpful suggestions and kind advice during the preparation of this

paper.
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